Introduction
If A is an abelian variety defined over Q, its Tate module T ℓ (A) affords an ℓ-adic representation ρ of the absolute Galois group G Q . But under suitable constraints on ramification, such a representation cannot exist. Thus, Fontaine [Fo] proved there do not exist abelian varieties over Z, i.e. with everywhere good reduction. Fontaine speculated [Fo, Rem. 3.4.7] that the same methods might rule out semistable varieties defined over Q with good reduction outside one small prime. Fontaine's methods were extended by Joshi [Jo] to prove non-existence of certain crystalline mod-ℓ representationsρ : G Q → GL n (F ℓ ). Recently, Schoof [Sc] announced a further extension of these ideas to the study of abelian varieties with everywhere good reduction over larger number fields. In this note, we verify that there do not exist semistable abelian varieties over Q with good reduction outside one prime p, for p ∈ {2, 3, 5, 7}. For these primes, it is well-known that there are elliptic curves with good reduction outside p, but of course not semistable, and there are semistable elliptic curves with good reduction outside p = 11. See also [MS] for abelian varieties of dimension 2 with good reduction outside 2, not semistable.
We may summarize our version of these methods as follows. Restrictions on the ramification in ρ imply an upper bound for the discriminant of the ℓ-division field L = Q(A [ℓ] ). Odlyzko's work [Od] on discriminants then limits the possible fields L. When we have sufficiently good control over L, we can construct a chain of isogenies
involving arbitrarily many non-isomorphic abelian varieties. This contradicts the Shafarevich conjecture, as proved by Faltings (see [Fa] and [Wu, Thm. 3 .1 ff]). While Fontaine and Joshi are mainly concerned with the restriction of ρ to a decomposition group over ℓ, we make more careful use of the local behavior of A over the completion Q p at the bad prime p. In particular, we introduce an invariant (see §2) that we call the effective stage of p-adic inertia acting on T ℓ (A). This invariant is related to the group of connected components in the special fiber of the Néron model for A at p, and is used to guarantee that the varieties in our chain of isogenies are not isomorphic. Furthermore, our approach sometimes applies when ℓ = 2. See Proposition 4.3 for an application to the non-existence of abelian varieties with small 2-division fields.
It is convenient to establish some notation here. In general, A denotes an abelian variety defined over a field K of characteristic 0, and G K = Gal(K/K) is the Galois group of a fixed algebraic closure over K. We write ρ K for the ℓ-adic representation of G K afforded by T ℓ (A). LetÂ denote the dual abelian variety of A. The Weil pairing induces a Galois-equivariant perfect pairing
A →Â is a polarization and P, Q ∈ A[ℓ n ], we put e λ n (P, Q) = e n (P, λ(Q)). Passing to the limit gives rise to a perfect pairing e ∞ : T ℓ (A) × T ℓ (Â) → Z ℓ (1), and a pairing e
whose cokernel is finite in general, and trivial if and only if the degree of λ is prime to ℓ.
Local considerations
In this section, we suppose that K is a non-archimedian local field of characteristic 0, with valuation v K and perfect residue field k of characteristic p. We denote by A an abelian variety of dimension d defined over K, with semistable bad reduction. To fix notation, recall Grothendieck's decomposition [Gr, §2.5] of T ℓ (A), assuming ℓ is a prime different from p. The connected component of the identity A 0 k of the special fiber A k of the Néron model of A admits a decomposition 0 → T → A 0 k → B → 0 in which T is a torus and B an abelian variety defined over k. Let dim T = t and dim B = a, with t+a = d. Write Φ A = A k /A 0 k for the group of connected components. Let K nr be the maximal unramified extension of K insideK, and denote the inertia group by I = Gal(K/K nr ). Put M 1 = M 1 (A) for the submodule of T ℓ (A) fixed by I, and let M 2 be the subspace of T ℓ (A) orthogonal to M 1 (Â) under the e ∞ -pairing. According to the Igusa-Grothendieck theorem, semistability of A is equivalent to the containment M 2 ⊂ M 1 . In that case, we have the decomposition
in which the successive quotients are torsion-free Z ℓ -modules. We may identity M 2 ≃ T ℓ (T ) and
It is well-known [ST, appendix] that I acts on T ℓ (A) through its maximal pro-ℓ quotient. Moreover, if g ∈ I, then (g − 1)(T ℓ (A)) ⊂ M 2 . Indeed, using the fact that g acts trivially on Z ℓ (1) and M 1 (Â), we have
where 1 n denotes the n × n identity. The criterion of Néron-Ogg-Shafarevich guarantees that there is a minimal integer n ≥ 1 such that the restriction of I to the
Definition. Assume A has semistable bad reduction, and let i(A, ℓ, v K ) denote the minimal integer n ≥ 1 such that the restriction of I to K(A[ℓ n ]) is not trivial. We call i(A, ℓ, v K ) the effective stage of inertia acting on T ℓ (A).
Suppose i(A, ℓ, v K ) = n 0 , and fix a topological generator σ for the maximal pro-ℓ quotient of I. An equivalent formulation is that n 0 is the minimal integer such that N σ ≡ 0 (mod ℓ n 0 ). This does not depend on the choice of σ.
In fact N does not depend on the choice of σ. It is known that det(N σ ) = 0, or equivalently, N has finite index in M 2 . Indeed, according to [Ed, Remark 2.6 ], the ℓ-Sylow subgroup of ΦÂ(k) is isomorphic as a Galois module for Gal(K nr /K) ≃ G k to the Tate twist (M 2 /N )(−1). Therefore
To examine variations in the effective stage of inertia under isogeny, consider a K- 
Proof. We are content to outline the argument. Let ϕ ′ be the isogeny from
The isogenies ϕ and ϕ ′ induce maps ϕ * and ϕ ′ * making the following diagram commutative:
The maps ϕ * and ϕ ′ * are injective. Furthermore, dim Coker(ϕ * ) = dim κ−dim κ∩M 1 , and dim Coker(ϕ ′ * ) = dimM 2 − dim κ ∩M 2 . In view of (2.3), our dimension formula can now be verified by taking the determinant of the relation ϕ
, then both ϕ * and ϕ ′ * are isomorphisms, and the equality
The next two lemmas are not essential for the rest of our argument, but may be of interest if one wishes to work only with principally polarized abelian varieties. Assume for the moment that A admits a principal polarization λ.
is maximal isotropic for the perfect pairing e
⊥ , and let ϕ : A → A ′ be the isogeny whose kernel is κ. Then [Mi, Prop. 16 .8] the polarization ℓλ induces a principal polarization on A ′ . The following lemmas allow us to construct such maximal isotropic subspaces. Write E (resp.
, and M 1 /M 2 via the quotient Gal(E ∞ /K). Let ζ ∞ be a generator for Z ℓ (1) = lim µ ℓ n , and let ζ be the projection of ζ ∞ to µ ℓ . Lemma 2.6. Assume A admits a principal polarization λ defined over K. Suppose ℓ is odd and there exists an element τ of order 2 in Gal(E/K) such that τ (ζ) = ζ −1 . Then there exists a maximal isotropic subspace κ of A[ℓ] such that G K acts on κ and
w).
Hence e(v, w) = 1. Then by a standard argument, rankṼ
Define the pseudo-eigenspaces
It easily follows that
We may choose κ to be the projection of
Lemma 2.7. Assume A admits a principal polarization λ defined over K. Suppose ℓ = 2 and Gal(E/K) is a 2-group. Then there exists a maximal isotropic subspace κ
Proof. Suppose, quite generally, that q is a power of a prime ℓ and V is a vector space of dimension 2n over F q admitting a perfect symplectic pairing. Then the order of the set S of maximal isotropic subspaces of V is
Suppose H is an ℓ-group and the pairing is H-equivariant. Then H acts on S with a fixed point; i.e. there exists a maximal isotropic subspace W of V such that W is a module for H.
For the present lemma, consider V =M 1 /M 2 , upon which e λ 1 induces a perfect symplectic pairing. Note that G K acts onM 1 ,M 2 and V through the 2-group H = Gal(E/K). Let W be a maximal isotropic subspace of V which is an H-module as constructed above. Take κ = {m ∈M 1 | the coset m +M 2 is in W }.
In view of various competing notations, we take this opportunity to standardize our ramification numbering, following [Se, Ch. IV] rather than [Fo] . In general, if L/K is a Galois extension of local fields with Galois group G, and π L is a prime element of L, the (lower) ramification groups are defined by
For m ≤ u ≤ m + 1, the Herbrand function to the upper numbering is given by
where
In terms of this upper numbering, we may restate [Fo, Thm. A] as follows. Let B[p n ] be a finite flat commutative group scheme over the ring of integers O K annihilated by p n for n ≥ 1. In particular, B[p n ] could be the kernel of multiplication by p n on an abelian variety B with good reduction. Put e K for the absolute ramification index of K and
The following lemma will used later, in conjunction with (2.8), to control the conductor of certain abelian extensions. Let U K be the unit group of K and U
Galois and E/F is an abelian p-group. Put e tame for the tame ramification degree of E/K. Assume G u = {1} for all u > 1/e tame . Then the conductor of E/F is at most 2, and the normic subgroup
where ϕ E/K is the Herbrand function and 0 < ǫ < 1. Then
so G u 0 = {1} by hypothesis. But the upper ramification numbering behaves well under passage to the quotient groupḠ. HenceḠ 1+ǫ =Ḡ u 0 also is trivial. Let H = Gal(E/F ). Since the lower numbering behaves well with respect to subgroups, we haveH 1+ǫ =Ḡ 1+ǫ ∩H = {1}. By class field theory [Se, Ch. XV, §2, Cor. 2 to Thm. 1], the conductor of E/F is at most ϕ E/F (1) + 1 = 2 and the units in U (2) F are norms.
As an immediate consequence of the bounds (2.8) and (2.9), we have some control over the group of p-power roots of unity contained in the p n -division field of an abelian variety B with good reduction.
Proposition 2.11. Suppose K/Q p is unramified and let B be an abelian variety over K with good reduction. Let
Proof. On the one hand, the cyclotomic field F n is contained in L n . On the other hand, since K/Q p is unramified, the different of F n+1 satisfies
If p is odd, this already exceeds the bound in (2.9) on
and apply Lemma 2.10 with L = K(B[2]), E = K(θ), F = K, in conjunction with the bound (2.8), to deduce that the conductor of E/K is at most 2, a contradiction. For the higher layers, the 2-division tower F ∞ is cyclic over F 2 , from which it easily follows that
Since L n+1 /L n has exponent 2, we can only go up one more stage at a time in the cyclotomic tower, so L n ∩ F ∞ = F n for all n ≥ 2.
Controlling the division fields
The main result of this section is the following proposition, which will be used to limit possible ℓ-division fields for the abelian varieties under consideration. The first ingredient in the proof of Proposition 3.1 is a bound on the discriminant d L/Q . More generally, as Fontaine has suggested [Fo, Rem. 3.3] , his methods easily imply a bound for the discriminant of the ℓ n -division field of a semistable abelian variety A defined over Q. See also [Jo, Thm. 2 .1]. Before stating our version of the Fontaine-Joshi bound, we define the effective stage of inertia at a bad prime p in this global context. Choose a prime P over p inQ and denote by D = D(P/p) (resp. I = I(P/p)) the decomposition group (resp. inertia group) inside G Q . Let n 0 be the minimal integer n such that I does not act trivially on Q(A[ℓ n ]), and put i(A, ℓ, p) = n 0 . Because the inertia groups over p are conjugate, i(A, ℓ, p) does not depend on the choice of P.
Proposition 3.2. Suppose A/Q is a semistable abelian variety and let S be the set of bad primes for A. Fix a prime ℓ ∈ S, and consider the ℓ n -division field L n = Q(A[ℓ n ]). Its discriminant satisfies the inequality
Proof. LetL n denote the completion of L n at a prime over ℓ. In keeping with Fontaine's notation, we extend the valuation v ℓ of Q ℓ toL n preserving v ℓ (ℓ) = 1. By [Fo, Thm. 
where DL n/Qℓ is the different ideal.
Let n 0 be the effective stage of inertia at a prime p ∈ S. If n < n 0 , then L n is unramified at p. By (2.2), for n ≥ n 0 we have
Under the conditions (L1) -(L4) of Proposition 3.1, the arguments in the proof of Proposition 3.2 imply that the discriminant d L/Q satisfies the inequality
In Table 1 , we give the corresponding upper bound of Odlyzko [Od] and Diaz y Diaz [Di] The next ingredient in the proof of Proposition 3.1 is a class field theoretic lemma. In general, if E ⊃ F ⊃ Q is a tower of fields, we write λ E for a prime over ℓ in E and λ F for λ E ∩ F . If E/F is abelian, we write f λ (E/F ) for the local conductor exponent of E λ E /F λ F .
Lemma 3.5. Let L be a field satisfying properties (L1) -(L4), and assume in addition that µ 4 ⊂ L if ℓ = 2. Let F = Q(µ ℓ ) if ℓ is odd (resp. F = Q(µ 4 ) if ℓ = 2). Suppose the class number of F is 1, and let s denote the number of primes over p in F . Let E be the maximal subfield of L abelian over F . Then Gal(E/F ) is annihilated by ℓ and has rank at most s. In particular, if there is one prime over p in F , then
Proof. Put A × F for the idele group of F . Since F has class number 1, we have
where U v is the group of units in the completion F v and F is the image of F on the diagonal of A × F . Denote principal units by U
v . Write N v for the image in U v of the local units of E ⊗ F v under the norm map, so that the extension E corresponds to the normic subgroup
(By abuse of notation, write U v = C × for the archimedean places of F , all of which are complex.) Let Υ = {ν 1 , . . . , ν s } denote the set of primes over p in F and abbreviate λ = λ F for the prime over ℓ in F .
Since E/F is unramified outside {λ} ∪ Υ, and the ramification degree is 1 or ℓ over each ν ∈ Υ, we have
It follows from the fact that the images of the (global) cyclotomic units generate
λ that there is no tame ramification locally over λ in E/F . In view of Fontaine's inequality (2.8) on the upper ramification numbering and Lemma 2.10, we find that f λ (E/F ) ≤ 2. If ℓ is odd, then the image of a primitive ℓ th root of unity generates
λ . Thus there is a surjective map ι :
We may conclude that Gal(E/F ) is annihilated by ℓ, and its rank is at most |Υ| = s. Of course if there is no ramification over p in E, the image of ι is trivial and E = F . If p ramifies in E and s = 1, there is a unique candidate for E, and E = F (p 1/ℓ ) does satisfy the desired conditions. We shall also utilize the following elementary facts from group theory. (G1) If |H| = 2n with n odd, then H admits a quotient of order 2. (G2) If H is an ℓ-group and |H| ≥ ℓ 2 , then H admits a quotient of order ℓ 2 , necessarily abelian. (G3) If H is not an ℓ-group and H contains only one ℓ-Sylow subgroup S ℓ , then S ℓ is normal in H, and |H/S ℓ | is prime to ℓ. Turning to the proof of Proposition 3.1, it is convenient to separate the discussion between odd ℓ and ℓ = 2, although there is some overlap in the arguments.
Proof of Proposition 3.1, ℓ odd. Let H = Gal(L/Q(µ ℓ )). If H is trivial, we are done, so we assume H = {1}. Let E be the maximal subfield of L abelian over Q(µ ℓ ). For all cases in Table 1 , we have |H| < 60, so H is solvable and Gal(E/Q(µ ℓ )) is the (non-trivial) maximal abelian quotient of H. For all cases in Table 1 , there is one prime over p in F . We may conclude from Lemma 3.5, that E = Q(µ ℓ , p 1/ℓ ). In particular ℓ divides |H|. But if |H| = ℓ, then L = E and we are done. In view of (G2), it now suffices to assume H is not an ℓ-group in the hope of arriving at a contradiction. By (G3) the number of ℓ-Sylow subgroups must have the form 1 + cℓ, with c ≥ 1. In particular |H| ≥ ℓ(1 + ℓ).
We complete the argument with an analysis of the cases. If ℓ = 3 and p = 2, then [L : Q] ≤ 14, so |H| ≤ 7. But |H| ≥ ℓ(1 + ℓ) = 12, a contradiction.
For ℓ = 5, we may treat p = 2 and p = 3 simultaneously. At worst, we have [L : Q] ≤ 168, so |H| ≤ 42. But we may assume |H| has a divisor of the form ℓ(1 + cℓ) with c ≥ 1. Then we are reduced to considering only |H| = 30. We rule this out by using (G1).
Suppose ℓ = 3 and p = 5. Since [L : Q] ≤ 68, we have |H| ≤ 34. Under the assumption that |H| has a divisor of the form ℓ(1 + cℓ) with c ≥ 1, we are reduced to considering |H| = 12, 21, 24 or 30. But (G1) eliminates |H| = 30. For the rest of the argument, [L : E] = 4, 7 or 8. Of course L/E is unramified outside primes dividing 15. By property (L3), the ramification degree at each prime over 5 in L/Q is 3. Since E already absorbs this ramification, L/E also is unramified at primes over 5. Let us consider the the unique prime λ E over 3 in E. Recall that λ F denotes the unique prime over 3 in F = Q(µ 3 ). If λ E did not split at all in L/E, there would be one prime λ L over λ F in L/F . But then the wild ramification subgroup for λ L over λ F would be the 3-Sylow subgroup of H. Since the wild ramification subgroup is normal in the decomposition group, we have a contradiction of our assumption that the 3-Sylow subgroup of H is not a normal subgroup.
As a consequence of this discussion, if [L : E] = 4 or 8, there exists at least a quadratic extension E ′ /E which is everywhere unramified. Since the class number of Q( 3 √ 5) is 1, we may conclude by genus theory that the class number of E = Q(µ 3 , 3 √ 5) is odd, in contradiction to the existence of E ′ . Suppose [L : E] = 7, in which case L itself is an everywhere unramified extension of E. We may compute the absolute discriminant of E as 3
But then the Odlyzko bounds force [L : Q] ≤ 22, a contradiction.
Proof of Proposition 3.1, ℓ = 2. In all cases, Gal(L/Q) is small enough to be solvable. It therefore suffices to assume that the maximal subfield E 0 of L abelian over Q is a non-trivial extension of Q. By the Kronecker-Weber theorem E 0 is a subfield of Q(µ 2 ∞ , µ p ∞ ). But the ramification over p is tame of degree at most 2, and by Proposition 2.11 we have
we are done. We may therefore assume that the maximal subfield E 1 of L abelian over E 0 properly contains E 0 . By maximality, E 1 is Galois over Q.
Suppose i ∈ L, so E 0 = Q( √ ±p). Consider the maximal subfield E 2 of E 1 whose degree over E 0 is a power of 2. By maximality, E 2 is Galois over Q. We claim that E 2 = E 0 . Otherwise, Gal(E 2 /Q) is a 2-group whose order is a least 4. It follows from (G2) that L contains an abelian extension of Q of degree 4, contradicting the fact that
odd. As a consequence of (L3), the unique prime over p in E 0 is unramified in E 1 /E 0 . Consider any prime λ 1 over 2 in E 1 , and let λ 0 = λ 1 ∩ E 0 be the corresponding prime over 2 in E 0 . Put n for the ramification degree of λ 1 over λ 0 , necessarily odd (tame). It follows that the residue field k 0 of λ 0 must contain µ n . We now show n = 1, breaking up the argument according to whether p = 7 or p = 3. If p = 7, the residue field k 0 is F 2 in all cases, so n = 1. If p = 3, the residue field k 0 is F 2 unless E 0 = Q( √ −3), in which case we must consider n = 3. But class field theory or Kummer theory shows that Q( √ −3) does not have a Galois cubic extension unramified outside 2. At this point, we have produced a non-trivial unramified abelian extension E 1 /E 0 . But for p = 3 or p = 7, the class number of Q( √ ±p) is 1, a contradiction.
It remains to study the case i ∈ L.
Lemma 3.1. This contradicts the fact that E 0 already is maximal abelian over Q. Then L/E 0 is a cyclic extension of degree n = 3 or n = 5. As we argued above, the extension L/E 0 is unramified outside 2 by property (L3). Furthermore, if a prime λ 0 over 2 in E 0 ramifies in L, then the corresponding residue field k 0 must contain µ n . But k 0 = F 2 . Therefore L/E 0 is a non-trivial unramified abelian extension, contradicting the fact that the class number of E 0 = Q(µ 4 , √ 7) is 1.
Non-existence results
If A/Q is an abelian variety with semistable bad reduction at p, the structure of T ℓ (A) as a Galois module for G Qp sometimes can be used to construct a Q-isogeny that raises the effective stage of inertia i(A, ℓ, p) or increases the group of connected components ΦÂ(F p ).
Proposition 4.1. Let A/Q be an abelian variety with semistable bad reduction at the prime p. Suppose A has good reduction at a prime ℓ, and assume there is one prime
where t is the toroidal dimension of the Néron fiber over p.
Suppose further that A is principally polarized over Q. If ℓ is odd, assume Gal(L/Q) contains an element of order 2 acting by inversion on µ ℓ . If ℓ = 2, assume | Gal(L/Q)| is a power of 2. Then we may also arrange for A ′ to be principally polarized over Q.
Proof. Fix a prime P over p inQ and let D and I be the corresponding decomposition and inertia groups. Then
WriteM 1 andM 2 for their respective projections to A [ℓ] . By assumption, D maps onto G = Gal(L/Q) by restriction. It follows that κ =M 1 orM 2 , is a G-module, and therefore a G Q -module. Hence κ is the kernel of a Q-isogeny. We may compute the change in size of Φ using Lemma 2.4. Under the additional assumptions, we may also arrange for κ to be a maximal isotropic subspace of A[ℓ] as in Lemma 2.6 and Lemma 2.7. Then A ′ is principally polarized.
Theorem 4.2. For p ≤ 7, there does not exist a semistable abelian variety defined over Q with good reduction outside the prime p.
Proof. Suppose there exists an abelian variety B/Q with good reduction outside the prime p, and p ≤ 7. Since Fontaine has already treated the issue of everywhere good reduction, we may assume bad reduction of semistable type at p. Among the finitely many abelian varieties isogenous to B over Q, we choose a variety A such that the effective stage of p-adic inertia i(A, ℓ, p) is maximal. In view of Proposition 3.1, there is one prime over p in the ℓ-division field L = Q (A[ℓ] ) for the values of ℓ and p in the table of §3. Hence there exists a Q-isogeny A → A ′ , as constructed in Proposition 4.1. But this contradicts maximality of i(A, ℓ, p).
As another application when ℓ = 2, we briefly remark on the non-existence of semistable abelian varieties A over Q, with certain "small" 2-division fields. Neumann [Ne] and Setzer [Sz] independently gave a precise description of the family of elliptic curves having good reduction outside one prime p and a rational point of order 2. In particular, it is necessary and sufficient that p be of the form p = n 2 + 64 or else p = 17. It seems plausible to us that if the 2-division field L = Q(A[2]) is small, for example in the sense that G = Gal(L/Q) is a 2-group, then A is isogenous to a product of Setzer-Neumann elliptic curves. We plan to address this general question in the future, perhaps with the aid of additional tools arising from the work of Schoof [Sc] . For now, we have the following limited result. Proof. Quite generally, if the Galois group G of the 2-division field of a semistable abelian variety is nilpotent, then G is in fact a 2-group. Otherwise, there exists a maximal normal subgroup N of G such that G/N is cyclic of odd prime order. Let E be the fixed field of N. Since the ramification in L over each odd prime of bad reduction has degree dividing 2, the extension E/Q must be unramified outside 2. But there is no non-trivial abelian extension of Q of odd degree and unramified outside 2.
We may therefore assume G is a 2-group, whence L ∞ = Q(A[2 ∞ ]) is a pro-2 extension of Q. It follows that the degree over Q of the 2-division field of any variety isogenous to A also is a power of 2. Among the finitely many varieties Q-isogenous to A, choose one for which the effective stage of p-adic inertia acting on the 2-adic Tate module is maximal. By abuse of notation, we continue to denote this variety by A.
Consider the decomposition group D = D(p/p) for a prime p over p in L. If D is a proper subgroup of G, there exists a subgroup H of G containing D such that [G : H] = 2. The fixed field F of H is a quadratic field unramified outside 2 and split completely over p. By the Kronecker-Weber theorem, F ⊂ Q(µ 2 ∞ ). In fact F ⊂ Q(µ 4 ) by Proposition 2.11. Now assume p ≡ −1 (mod 4). Since p is inert in Q(µ 4 ), we have a contradiction unless D = G and there is one prime over p in L.
Assuming p ≡ −1 (mod 4), we may apply Proposition 4.1, to find a Q-isogenous variety A ′ such that i(A ′ , 2, p) = i(A, 2, p) + 1. This contradicts maximality of i(A, 2, p).
